ABSTRACT. In this paper, we develop a perturbation theory to show that if a homogeneous operator of order α = 1 is perturbed by a Lipschitz continuous mapping then every mild solution of the first-order Cauchy problem governed by these operators is strong and the time-derivative satisfies a global regularity estimate. We employ this theory to derive global L q -L ∞ -estimates of the time-derivative of the evolution problem governed by the p-Laplace-Beltrami operator and total variational flow operator respectively perturbed by a Lipschitz nonlinearity on a non-compact Riemannian manifold.
INTRODUCTION AND MAIN RESULTS
In the pioneering work [7] , Bénilan and Crandall showed that for the class of homogeneous operators A of order α > 0 with α = 1 (possibly, multi-valued), defined on a Banach space (X, · X ), every solution u of the differential inclusion
Here, an operator A is called homogeneous of order α ∈ R (cf., Definition 2.1) if (1.3) A(λu) = λ α Au for all λ ≥ 0 and u ∈ D(A).
Estimates of type (1. 2) are quite important as they describe an instantaneous (for arbitrarily small t > 0) and global regularizing effect for solutions u to the differential inclusion (1.1). In fact, (1.2) implies that the solution u of (1.1) is locally Lipschitz continuous in t ∈ (0, +∞). If, in addition, the Banach space X admits the Radon-Nikodým property (see Definition 3.9), then the solution u of (1.1) is differentiable at almost every (a.e.) t > 0 or, equivalently (cf., [9] ) u(t) ∈ D(A) for a.e. t > 0, and (1.2) becomes
for a.e. t > 0.
In (1.4) ,
denotes the minimal selection of Au for given u ∈ D(A). Moreover, estimate (1.4) also describes a rate of dissipativity related to the differential inclusion (1.1).
Besides the homogeneity property of A, the proof of regularity estimate (1.2) also requires that the Cauchy problem (1.6) du dt + A(u(t)) ∋ 0 on (0, +∞), u(0) = 0, is well-posed in the mild sense (see Definition 3.2) . Thus, there is a strongly continuous semigroup {T t } t≥0 of contractions T t : D(A) X → D(A) X (see Definition 3.3), which is related to the solutions u of (1.6) by (1.7) T t u 0 = u(t) for every t ≥ 0, u 0 ∈ D(A) X .
Recently, the author and Mazón [17] extended Bénilan and Crandall's regularity result [7] for the class of homogeneous operators of order α = 0. This class operators contains, for example, the (negative) total variational flow operator Au = −div( Du |Du| ), or the 1-fractional Laplacian A = (−∆ 1 ) s for s ∈ (0, 1), respectively equipped with some boundary conditions. Our aim in this paper is to establish similar regularity estimates for solutions u to the Cauchy problem associated with the perturbed operator A + F;
(1.8) du dt + A(u(t)) + F(u(t)) ∋ 0 on (0, +∞),
where A is an homogeneous operator in X of order α = 1 and F : X → X a Lipschitz continuous mapping with constant ω ≥ 0 satisfying F(0) = 0. We emphasize that the perturbed operator A + F is, in general, not homogeneous anymore. Thus, it is not trivial to say that solutions u to the Cauchy problem (1.8) for the perturbed operator A + F still admit a regularization effect.
But, our main theorem says the following. Theorem 1.1. Given ω ∈ R, let A be an m-accretive operator in X which is homogeneous of order α = 1 and suppose, the mapping F : X → X is Lipschitz continuous on X with constant ω > 0, and F(0) = 0. For u 0 ∈ D(A) X , suppose that for the corresponding solution u of (1.8), (1.9) V ω (u, t) := lim sup
is locally integrable on [0, T), T > 0. Then, Moreover, if du dt exists and belongs to L 1 loc ([0, T); X), then
(1 + ωs) ω e ω(t−s) ds for a.e. t ∈ (0, T).
In Theorem 1.1, the hypothesis on A and F guarantee the existence of a semigroup {T t } t≥0 of e ωt -Lipschitz continuous mappings T t . At the first view, the hypothesis that the function V ω (u, ·) ∈ L 1 loc ([0, T)) seems to be quite strong; in fact, this hypothesis, is only given for initial values u 0 ∈ D(A) if the Banach space X admits the Radon-Nikodým property (cf. [9] ). But since the right-hand side in (1.10) and (1.11) only depends on u 0 X , a compactness result can help to remove this condition. We show this in Corollary 3.11 under the assumption that the Banach space X is reflexive. Theorem 1.1 follows from Theorem 2.7.
Even though the statement of [17, Corollary 2.12] is correct, unfortunately, the proof omits some important details. But even worse, the application of Gronwall's lemma in this paper is not correct. Thus, the proof of Theorem 2.7 intends to fill this gap. We refer to Section 4 for the proof.
In many applications, the Banach space X is given by the classical Lebesgue space (L q := L q (Σ, µ), · q ), (1 ≤ q ≤ ∞), for a given σ-finite measure space. If {T t } t≥0 is a semigroup satisfying an L q -L r regularity estimate (q < r ≤ ∞) of the form (cf., [13] )
for ω ∈ R, γ = γ(q, r, d), δ = δ(q, r, d) > 0, and some (or for all) 1 ≤ q < r, then we show in Corollary 2.6 that combining (1.2) with (1.12) yields
Regularity estimates similar to (1.12) have been studied recently by many authors (see, for example, [14, 24, 15] and the references therein for the linear theory, and we refere to [13] and the references therein for the nonlinear one).
In Section 3, we consider the class of quasi accretive operators A (see Definition 3.1) and outline how the property that A is homogeneous of order α = 1 is passed on to the semigroup {T t } t≥0 generated by −A (see the paragraph after Definition 3.2). In particular, we discuss when solutions u of (1.1) are differentiable in X at a.e. t > 0.
It is well-known that the Lebesgue space L 1 does not admit the Radon-Nikodým property. But on the other hand, from the physical point of view, L 1 is for many models not avoidable. In [8] , Bénilan and Crandall developed the theory of completely accretive operators A (in L 1 ). For this class of operators, it is known that for each solutions u of (1.1) in L 1 , the derivative du dt exists in L 1 . These results have been extended recently to the notion of quasi completely accretive operators in the monograph [13] .
We conclude this paper in Section 5 with an application. We derive global L q -L ∞ -regularity estimates of the time-derivative du dt for solutions u to the perturbed evolution problem (1.8) when A is the negative p-Laplacian −∆ p in L 1 equipped with vanishing condition on a non-compact Riemannian manifold (M, g).
It is worth mentioning that if the operator A in (1.1) is linear (that is, α = 1), then inequality
holding for all t ∈ (0, 1] and u 0 ∈ D(A), yields that −A generates an analytic semigroup {T t } t≥0 (cf., [2, 19] ). Thus, it is interesting to see that a regularity inequality similar to (1.14) also holds for nonlinear operators of the type A + F, where A is homogeneous of order α = 1. Further, if the norm · X is induced by an inner product (·, ·) X of a Hilbert space X and A = ∂ϕ is the subdifferential operator ∂ϕ in X of a semi-convex, proper, lower semicontinuous function ϕ : X → (−∞, +∞], then regularity inequality (1.14) is, in particular, satisfied by solutions u of (1.1) (cf., [11, 12] 
INTERMEDIATE RESULTS AND PROOFS
In this section, we gather some intermediates results to prove the main theorems of this paper.
Suppose X is a linear vector space and · X a semi-norm on X. Then, the main object of this paper is the following class of operators (cf., [7] and [17] ). Definition 2.1. An operator A on X is called homogeneous of order α ∈ R if for every u ∈ D(A) and λ ≥ 0, one has that λu ∈ D(A), 0 ∈ A0, and A satisfies (1.3).
For the rest of this section suppose that A denotes a homogeneous operator on X of order α = 1. We begin by considering the inhomogeneous Cauchy problem
and want to discuss the impact of the homogeneity of A on the solutions u to (2.1). For this, suppose f ∈ C([0, T]; X), u 0 ∈ X, and u ∈ C 1 ([0, T]; X) be a classical solution of (2.1). Further, for given
we assume that the Cauchy problem (2.1) is well-posed for given
where u is the unique (mild). Then, in terms of this semigroup {T t } t∈[0,T] associated with (2.1), the previous reasoning can be formulated as follows
for every 0 ≤ s ≤ t ≤ T, (for some ω ∈ R and L > 0) are the main ingredients to obtain global regularity estimates of the form (1.2) . This leads to our first intermediate result. This proposition also generalizes the case of homogeneous operator of order zero (cf., [17, Theorem 2.3] ), and the case ω = 0 treated in [7, Theorem 4] .
t=0 be a family of mappings T t : C × L 1 (0, T; X) → C defined on a subsets C ⊆ X, and suppose there are ω ∈ R, L > 0, and α = 1 such that {T t } T t=0 satisfies (2.4), (2.3) for every λ > 0 and t ∈ [0, T), and T t (0, 0) ≡ 0 for all t ∈ [0, T]. Then for every u 0 ∈ C, f ∈ L 1 (0, T; X),
for every t ∈ (0, T], h = 0 such that 1 + h t > 0 and t + h ∈ (0, T]. In particular, for V ω ( f , t) given by (1.9), the family {T t } t≥0 satisfies lim sup
for every t > 0, u 0 ∈ C, and if f ∈ W 1,1 (0, T; X), then lim sup
Proof. Let u 0 ∈ C, f ∈ L 1 (0, T; X), t > 0, and h = 0 satisfying 1 + h t > 0 and
and so,
Applying to this (2.4) and by using T t (0, 0) ≡ 0, one sees that
From this, it is clear that (2.5)-(2.8) follow.
Examples of functions f :
is finite a.e. t and integrable on L 1 (0, T), are functions with bounded variation (cf., [11, Appendice, Section 2.]). 
is finite. We denote by BV(0, T; X) the spaces of all functions f : [0, T] → X of bounded variation and to simplify the notation, we set V f (t) = Var( f ; [0, t]) for t ∈ (0, T].
Functions of bounded variation have the following properties. Proposition 2.4. Let f ∈ BV(0, T; X). Then the following statements hold.
(1) f ∈ L ∞ (0, T; X);
(2) At every t ∈ [0, T], the left-hand side limit f (t−) := lim s→t− f (s) and righthand side limit f (t+) := lim s→t+ f (s) exist in X; and the set of discontinuity points in [0, T] is at most countable; (3) The mapping t → V f (t) is monotonically increasing on [0, T], and
(5) One has that V ω ( f , ·) ∈ L ∞ (0, T) and
We omit the proof of these well-known properities and refere to [11, Section 2., Lemme A.1] or [18, Chapter 2] for further literature to this topic.
In the case f ≡ 0, we let T = ∞. Then the mapping T t given by (2.2) only depends on the initial value u 0 . In other words, (2.13) T t u 0 = T t (u 0 , 0) for every u 0 ∈ C and t ≥ 0.
In this case Proposition 2.2 reads as follows (cf., [8] ).
Corollary 2.5. Let {T t } t≥0 be a family of mappings T t : C → C defined on a subset C ⊆ X, and suppose there are ω ∈ R, L > 0, and α = 1 such that {T t } t≥0 satisfies
Further, suppose T t 0 ≡ 0 for all t ≥ 0. Then, for every u 0 ∈ C,
Moreover, if for u 0 ∈ C, the right-hand side derivative dT t u 0 dt + exists (in X) at t > 0, then
If the given family {T t } t≥0 of mappings T t on C form a semigroup (see Definition 3.3), then one can extrapolate the regularization effect (2.18). Corollary 2.6. Let {T t } t≥0 be a semigroup of mappings T t : C → C defined on a subset C ⊆ X and suppose, there is a second vector space Y with semi-norm · Y such that {T t } t≥0 satisfies the following Y-X-regularity estimate
Moreover, if the right-hand side derivative d dt + T t u 0 exists (in X) at t > 0, then
Proof. Let u 0 ∈ C and t > 0. Then by the semigroup property of {T t } t≥0 and by (2.17) and (2.19) , one sees that lim sup
Finally, we turn our attention to the Cauchy problem for the perturbed operator A + F,
involving an m-accretive and homogenous operator A in X of order α = 1 and a Lipschitz continuous perturbation F : X → X with Lipschitz constant ω ≥ 0 satisfying F(0) = 0. We assume that problem (1.8) is well-posed in X in the sense that there is a semigroup {T t } t≥0 of Lipschitz continuous mappings T t on a set C = D(A) X with constant e ωt and for every given u 0 ∈ D(A) X , the unique solution u ∈ C([0, ∞); X) of (1.8) is given by (1.7).
One important property of the semigroup {T t } t≥0 related to (1.8) is that for given u 0 ∈ D(A) X , the unique solution u of Cauchy problem (1.8) is also the unique solution of Cauchy problem (2.1) for f : [0, +∞) → X given by
Therefore, we have that
The advantage of this relation is that one can employ inequality (2.4) which is satisfied by the family {T t (·, f )} t≥0 . Now, by Proposition 2.2, the following estimates holds.
Theorem 2.7. Let F : X → X be a Lipschitz continuous mapping with Lipschitz constant ω > 0 satisfying F(0) = 0. Suppose, there is a subset C ⊆ X, and a family {T t } t≥0 of mappings T t : C → C satisfying
and in relation with (2.21), suppose that {T t } t≥0 satisfies (2.3) and (2.4) for f given by (2.20) .
for a.e. t ∈ (0, T). Moreover, if dT t u 0 dt exists at a.e. t ∈ (0, T) and belongs to L 1 (0, T; X), then
For the proof of this theorem, we still need the following version of Gronwall's lemma.
We now ready to give the proof of Theorem 2.7.
Proof of Theorem 2.7. Let u 0 ∈ C, t > 0, and h = 0 such that |h|/t < 1. Then, by the hypotheses of this corollary, we are in the position to apply Proposition 2.2 to T t (u 0 , f ) for f given by (2.20) . Then by (2.5),
Since F is globally Lipschitz continuous with constant ω > 0, F(0) = 0 and by (2.22) , it follows that
Dividing this inequality by |h| > 0 and taking the limit superior as h → 0 yields
. From this, one sees that (2.23) holds and (2.24) follows from (2.23) . This completes the proof.
HOMOGENEOUS ACCRETIVE OPERATORS
We begin this section with the following definition. Throughout this section, suppose X is Banach space with norm · X .
and A is called m-accretive in X if A is accretive and satisfies the range condition
If A is quasi m-accretive in X, then the classical existence theorem [9, Theorem 6.5] (cf [5, Corollary 4.2]), for every u 0 ∈ D(A) X and f ∈ L 1 (0, T; X), there is a unique mild solution u ∈ C([0, T]; X) of (2.1).
Definition 3.2. For given u 0 ∈ D(A)
X and f ∈ L 1 (0, T; X), a function u ∈ C([0, T]; X) is called a mild solution of the inhomogeneous differential inclusion (2.1) with initial value u 0 if u(0) = u 0 and for every ε > 0, there is a partition τ ε : 0 = t 0 < t 1 < · · · < t N = T and a step function
and sup
2) through the unique mild solution u of Cauchy problem (2.1) belongs to the following class.
t=0 satisfies the following three properties:
Further, taking f ≡ 0 and only varying u 0 ∈ D(A) X , defines by
If the Banach space X and its dual space X * are both uniformly convex (see [5, Proposition 4.3] ), then one has that
where A • is the minimal selection of A (defined by (1.5)). Even tough by ignoring the additional geometric condition on X, we refer to the two families {T t } T t=0 defined by (2.2) on D(A) X × L 1 (0, T; X) and {T t } t≥0 defined by (2.13) on D(A) X as the semigroup generated by −A.
Moreover (cf., [9, Chapter 4.3]), for given u 0 ∈ D(A) X and any step function
is the unique mild solution of (2.1), where u i is the unique mild solution of
Then for every i = 1, . . . , N, the semigroup {T t } T t=0 is obtained by the exponential formula
As for classical solutions, the fact that A is homogeneous of order α = 1, is also reflected in the notion of mild solution and, in particular, in the semigroup {T t } T t=0 as demonstrated in our next proposition. Proposition 3.4 (Homogeneous accretive operators). Let A be a quasi m-accretive operator on X and {T t } T t=0 the semigroup generated by −A on D(A) X × L 1 (0, T; X). If A is homogeneous of order α = 1, then for every λ > 0, {T t } T t=0 satisfies equation
Proof. Let λ > 0 and f i ∈ X. Then for every u, v ∈ X and µ > 0,
Now, if
A is homogeneous of order α = 1, the right-hand side in the previous characterization is equivalent to
If u denotes the unique mild solution of (2.1) for this step function f , then u is given by (3.4) , were on each subinterval (t i−1 , t i ], u i is the unique mild solution of (3.5).
Next, let λ > 0 and set
Thus, to complete the proof of this proposition showing that (2.3) holds, it remains to show that v λ is a mild solution of
or, in other words,
Let t ∈ (0, t 1 /λ] and n ∈ N. We apply (3.7) to
Then, one finds that By (3.6) , sending n → +∞ in (3.9) yields on the one side
and on the other side
showing that (3.8) holds for every t ∈ [0, t 1 λ ]. Repeating this argument on each subinterval ( t i−1 λ , t i λ ] for i = 2, . . . , N, where one replaces in (3.9) u 0 by u(t i−1 ), and f 1 by f i , then shows that v λ satisfies (3.8) on the whole interval [0, T λ ]. By the above Lemma and Theorem 2.2, we can now state the following. 
Moreover, for f ∈ W 1,1 (0, T; X), T t (u 0 , f ) also satisfies (2.7) (respectively, (2.8) provided d dt T t (u 0 , f ) exists in X at a.e. t > 0). To consider the regularizing effect of mild solutions to the Cauchy problem (1.8) for the perturbed operator A + F, we recall the following well-known result form the literature. To have that the semigroup {T t } T t=0 generated by −A satisfies regularity estimate (2.8) (respectively, (2.18)), one requires that each mild solution u of (2.1) (respectively, of (1.1)) is differentiable at a.e. t ∈ (0, T), or in other words, u is a strong solution of (2.1). The next definition is taken from [9, Definition 1.2] (cf [5, Chapter 4] ). Definition 3.7. A locally absolutely continuous function u[0, T] :→ X is called a strong solution of differential inclusion
if u is differentiable a.e. on (0, T), and for a.e. t ∈ (0, T), u(t) ∈ D(A) and
. Further, for given u 0 ∈ X and f ∈ L 1 (0, T; X), a function u is called a strong solution of Cauchy problem (2.1) if u ∈ C([0, T]; X), u is strong solution of (3.10) and u(0) = u 0 .
The next characterization of strong solutions of (3.10) highlights the important point of a.e. differentiability. Of course, every strong solution u of (3.10) is a mild solution of (3.10), and u is absolutely continuous and differentiable a.e. on [0, T]. The differential inclusion (3.10) admits mild and Lipschitz continuous solutions if A is ω-quasi m-accretive in X (cf [9, Lemma 7.8]). But, in general, absolutely continuous vector-valued functions u : [0, T] → X are not differentiable a.e. on (0, T). Only if one assumes additional geometric properties on X, then the latter implication holds true. Our next definition is taken from [9, Definition 7.6] (cf [3, Chapter 1]). Known examples of Banach spaces X admitting the Radon-Nikodým property are:
, or respectively, for a compact metric space (M, d) don't have, in general, the Radon-Nikodým property (cf [3] ). Thus, it is quite surprising that there is a class of operators A (namely, the class of completely accretive operators, see Section 4 below), for which the differential inclusion (2.1) nevertheless admits strong solutions (with values in L 1 (Σ, µ) or L ∞ (Σ, µ)). Now, by Corollary 3.5 and Proposition 3.8, we can conclude the following results. We emphasize that one crucial point in the statement of Corollary 3.10 below is that due to the uniform estimate (2.7), one has that for all initial values u 0 ∈ D(A) X , the unique mild solution u of (2.1) is strong.
Corollary 3.10. Suppose A is a quasi m-accretive operator on a Banach space X admitting the Radon-Nikodým property, and {T t } T t=0 is the semigroup generated by −A on D(A) X × L 1 (0, T; X). If A is homogeneous of order α = 1, then for every u 0 ∈ D(A) X and f ∈ W 1,1 (0, T; X), the unique mild solution u(t) := T t (u 0 , f ) of (2.1) is strong and {T t } T t=0 satisfies (2.8) for a.e. t > 0. Now by Corollary 2.7 and Proposition 3.8, we obtain the following result when A is perturbed by a Lipschitz mapping F. V ω (u, t) = du dt + (t) X for a.e. t ∈ (0, T), and V ω (u, t) belongs to L ∞ (0, T). Thus, by Theorem 2.7, u satisfies (2.24). Now, we square both sides in (2.24) and subsequently integrate the resulting inequality over (a, b) for given 0 < a < b. Then, one obtains that
Due to this inequality, if u 0 ∈ D(A) X and (u 0,n ) n≥1 ⊆ D(A) such that u 0,n → u 0 in X as n → ∞, then dT t u 0,n dt n≥1
is bounded in L 2 (a, b; X). Since X is reflexive, also L 2 (a, b; X) is reflexive and hence, there is a v ∈ L 2 (a, b; X) and a subsequence of (u 0,n ) n≥1 , which we denote, for simplicity, again by (u 0,n ) n≥1 , such that dT t u 0,n dt ⇀ v weakly in L 2 (a, b; X) as n → +∞. As T t u 0,n → T t u in C([a, b]; X), it follows by a standard argument that v(t) = dT t u 0 dt in the sense of vector-valued distributions D ′ ((a, b); X). Since dT · u 0 dt ∈ L 2 (a, b; X), the mild solution u(t) = T t u 0 is absolutely continuous on (a, b), and since X is reflexive, u is differentiable a.e. on (a, b). Since 0 < a < b < ∞ were arbitrary, dT · u 0 dt ∈ L 1 loc ((0, ∞); X). Now, for ε > 0, the function T ·+ε u 0 satisfies the hypotheses of Theorem 2.7 with dT ·+ε u 0 dt ∈ L 1 loc ([0, +∞); X). Thus T ·+ε u 0 satisfies (2.24) for every s > 0. Since T s+ε u 0 = T s (T ε u 0 ) for every s ≥ 0, choosing t = s + ε in (2.24), we find that
for every t > 0 and ε ∈ (0, t). Sending ε → 0+ implies that T · u 0 satisfies (2.24). Since u 0 ∈ D(A) X was arbitrary, this completes the proof of this corollary.
If the Banach space X and its dual space X * are uniformly convex and A is quasi m-accretive in X, then (cf., [5, Theorem 4.6] ) for every u 0 ∈ D(A), f ∈ W 1,1 (0, T; X), the mild solution u(t) = T t (u 0 , f ), (t ∈ [0, T]), of (2.1) is a strong one, u is everywhere differentiable from the right, du dt + is right continuous, and du dt
where for every t ∈ [0, T], (A − f (t)) • denotes the minimal selection of A − f (t) defined by (1.5). Thus, under those assumptions on X and by Proposition 3.8, we can state the following three corollaries. We begin by stating the inhomogeneous case.
Corollary 3.12. Suppose X and its dual space X * are uniformly convex, for ω ∈ R, A is an ω-quasi m-accretive operator on X, and {T t } T t=0 is the semigroup on D(A) X × L 1 (0, T; X) generated by −A. If A is homogeneous of order α = 1, then for every u 0 ∈ D(A) X and f ∈ W 1,1 (0, T; X), the mild solution u(t)
of Cauchy problem (2.1) is strong and
Since every uniformly convex Banach space is reflexive, the proof of Corollary 3.12 proceeds in the similar way as the one of Corollary 3.11. Our next corollary considers the homogeneous case. Corollary 3.13. Suppose X and its dual space X * are uniformly convex, for ω ∈ R, A is an ω-quasi m-accretive operator on X, and {T t } t≥0 is the semigroup on D(A) X generated by −A. If A is homogeneous of order α = 1, then for every u 0 ∈ D(A) X , the mild solution u(t) = T t u 0 , (t ≥ 0) of Cauchy problem (1.1) is a strong solution and
The last corollary focuses on the case when the homogeneous operator A is perturbed by a Lipschitz mapping F. Its statement follows from [5, Theorem 4.6] and Theorem 2.7. Corollary 3.14. Suppose X and its dual space X * are uniformly convex, F : X → X be a Lipschitz continuous mapping with Lipschitz-constant ω > 0 satisfying F(0) = 0, A an m-accretive operator on X, and {T t } t≥0 the semigroup generated by −(A + F) on D(A) X . If A is homogeneous of order α = 1, then for every u 0 ∈ D(A) X , the mild solution u(t) = T t u 0 , (t ≥ 0) of Cauchy problem (1.8) is a strong solution and
for every t > 0.
HOMOGENEOUS COMPLETELY ACCRETIVE OPERATORS
In [8] , Bénilan and Crandall introduced the class of completely accretive operators A and showed: even though the underlying Banach spaces does not admit the Radon-Nikodým property, but if A is completely accretive and homogeneous of order α > 0 with α = 1, then the mild solutions of differential inclusion (1.1) involving A are strong. This was extended in [17] to the zero-order case. Here, we provide a generalization to the case of completely accretive operators which are homogeneous of order α = 1 and perturbed by a Lipschitz nonlinearity.
General framework.
In order to keep this paper self-contained, we provide a brief introduction to the class of completely accretive operators, where we mainly follow [8] and the monograph [13] .
For the rest of this paper, suppose (Σ, B, µ) is a σ-finite measure space, and M(Σ, µ) the space of µ-a.e. equivalent classes of measurable functions u : Σ → R. For u ∈ M(Σ, µ), we write [u] + to denote max{u, 0} and [u] − = − min{u, 0}. We denote by L q (Σ, µ), 1 ≤ q ≤ ∞, the corresponding standard Lebesgue space with norm
where q ′ is the conjugate exponent of q given by 1 = 1 q + 1 q′ . Next, we first briefly recall the notion of Orlicz spaces (cf [21, Chapter 3] Given an N-function ψ, the Orlicz space is defined as follows
and equipped with the Orlicz-Minkowski norm
With these preliminaries in mind, we are now in the position to recall the notation of completely accretive operators introduced in [8] and further developed to the ω-quasi case in [13] .
Let J 0 be the set given by J 0 = j : R → [0, +∞] j is convex, lower semicontinuous, j(0) = 0 .
Then, for every u, v ∈ M(Σ, µ), we write 
Thus, the relation ≪ is closely related to the theory of rearrangement-invariant function spaces (cf [10] ). Another, useful characterization of the relation " ≪ ′′ is the following (cf Further, the relation ≪ on M(Σ, µ) has the following properties. We omit the easy proof of this proposition. With these preliminaries in mind, we can now state the following definitions. More generally, for L > 0, we call S to be an L-complete contraction if
and for some ω ∈ R, S is called to be ω-quasi completely contractive if S is an L-complete contraction with L = e ωt for some t ≥ 0. , µ) is called completely accretive if for every λ > 0, the resolvent operator J λ of A is a complete contraction, or equivalently, if for every (u 1 , v 1 ), (u 2 , v 2 ) ∈ A and λ > 0, one has that
If X is a linear subspace of M(Σ, µ) and A an operator on X, then A is mcompletely accretive on X if A is completely accretive and satisfies the range condition (3.1). Further, for ω ∈ R, an operator A on a linear subspace X ⊆ M(Σ, µ) is called ω-quasi (m)-completely accretive in X if A + ω I is (m)-completely accretive in X. Finally, an operator A on a linear subspace X ⊆ M(Σ, µ) is called quasi (m-)completely accretive if there is an ω ∈ R such that A + ω I is (m-)completely accretive in X.
Before stating a useful characterization of completely accretive operators, we first need to introduce the following function spaces. Let
be the sum and the intersection space of L 1 (Σ, µ) and L ∞ (Σ, µ), which are equipped, respectively, with the norms
are Banach spaces. In fact, L 1+∞ (Σ, µ) and and L 1∩∞ (Σ, µ) are respectively the largest and the smallest of the rearrangement-invariant Banach function spaces (cf., [10, Chapter 3.1]). If µ(Σ) is finite, then L 1+∞ (Σ, µ) = L 1 (Σ, µ) with equivalent norms, but if µ(Σ) = ∞ then L 1+∞ (Σ, µ) contains 1≤q≤∞ L q (Σ, µ). Further, we will employ the space
which equipped with the L 1+∞ -norm is a closed subspace of L 1+∞ (Σ, µ) . In fact, one has (cf., [8] 
Since for every k ≥ 0, T k (s) := [|s| − k] + is a Lipschitz mapping T k : R → R and by Chebyshev's inequality, one sees that L q (Σ, µ) ֒→ L 0 (Σ, µ) for every 1 ≤ q < ∞ (and q = ∞ if µ(Σ) < +∞), and L ψ (Σ, µ) ֒→ L 0 (Σ, µ) for every N-function ψ. Proposition 4.6 ([13] ). Let P 0 denote the set of all functions T ∈ C ∞ (R) satisfying 0 ≤ T ′ ≤ 1 such that T ′ is compactly supported, and x = 0 is not contained in the support supp(T) of T. Then for ω ∈ R, an operator Typical examples of normal Banach spaces X ⊆ M(Σ, µ) are Orlicz-spaces L ψ (Σ, µ) for every N-function ψ, L q (Σ, µ), (1 ≤ q ≤ ∞), L 1∩∞ (Σ, µ), L 0 (Σ, µ), and L 1+∞ (Σ, µ). Remark 4.9. It is important to point out that if X is a normal Banach space, then for every u ∈ X, one always has that u + , u − and |u| ∈ X. To see this, recall that by (1) Proposition 4.2, if u ∈ X, then u + ≪ u and u − ≪ −u. Thus, u + and u − ∈ X and since |u| = u + + u − , one also has that |u| ∈ X.
The dual space (L 0 (Σ, µ)) ′ of L 0 (Σ, µ) is isometrically isomorphic to the space L 1∩∞ (Σ, µ). Thus, a sequence (u n ) n≥1 in L 0 (Σ, µ) is said to be weakly convergent
For the rest of this paper, we write σ(L 0 , L 1∩∞ ) to denote the weak topology on L 0 (Σ, µ). For this weak topology, we have the following compactness result. . Let u ∈ L 0 (Σ, µ). Then, the following statements hold.
(1) The set v ∈ M(Σ, µ) v ≪ u is σ(L 0 , L 1∩∞ )-sequentially compact in L 0 (Σ, µ);
(2) Let X ⊆ M(Σ, µ) be a normal Banach space satisfying X ⊆ L 0 (Σ, µ) and Then for every u ∈ X and sequence (u n ) n≥1 ⊆ M(Σ, µ) satisfying u n ≪ u for all n ≥ 1 and lim n→+∞ u n = u σ(L 0 , L 1∩∞ )-weakly in X, one has that lim n→+∞ u n = u in X.
Note, examples of normal Banach spaces X ⊆ L 0 (Σ, µ) satisfying (4.1) are X = L p (Σ, µ) for 1 ≤ p < ∞ and L 0 (Σ, µ).
To complete this preliminary section, we state the following Proposition summarizing statements from [13, Proposition 2.9 & Proposition 2.10], which we will need in the sequel (cf., [8] for the case ω = 0).
Proposition 4.11.
For ω ∈ R, let A be ω-quasi completely accretive in L 0 (Σ, µ).
(1.) If there is a λ 0 > 0 such that Rg(I + λA) is dense in L 0 (Σ, µ), then for the closure A L 0 of A in L 0 (Σ, µ) and every normal Banach space with X ⊆ L 0 (Σ, µ), the restriction A L 0 X := A L 0 ∩ (X × X) of A on X is the unique ω-quasi m-completely accretive extension of the part A X = A ∩ (X × X) of A in X. (2.) For a given normal Banach space X ⊆ L 0 (Σ, µ), and ω ∈ R, suppose A is ωquasi m-completely accretive in X, and {T t } t≥0 be the semigroup generated by −A on D(A) X . Further, let {S t } t≥0 be the semigroup generated by −A L 0 , where A L 0 denotes the closure of A in X L 0 . Then, the following statements hold. (a) The semigroup {S t } t≥0 is ω-quasi completely contractive on D(A) L 0 , T t is the restriction of S t on D(A) X , S t is the closure of T t in L 0 (Σ, µ), and
, then, for every N-function ψ, the semigroup {T t } t≥0 can be extrapolated to a strongly continuous, orderpreserving semigroup of ω-quasi contractions on D(A)
), and to an order-preserving semigroup
. We denote each extension of T t on on those spaces again by T t . (c) The restriction A X := A L 0 ∩ (X × X) of A L 0 on X is the unique ω-quasi m-complete extension of A in X; that is, A = A X . (d) The operator A is sequentially closed in X × X equipped with the relative (L 0 (Σ, µ) × (X, σ(L 0 , L 1∩∞ )))-topology.
(e) The domain of A is characterized by
≪ v for all small t > 0 ;
(f) For every u ∈ D(A), one has that
4.2.
Regularizing effect of the semigroup. As mentioned in Section 3, the Banach space L 1 (Σ, µ) does not admit the Radon-Nikodým property and therefore, for a semigroup {T t } t≥0 on L 1 (Σ, µ) , the time-derivative d dt + T t u 0 (t) for given u 0 , does not need to exist in L 1 (Σ, µ). In this section, we show that even though the underlying Banach space X is not reflexive, but A is homogeneous of order α = 1 and quasi-completely accretive, then the time-derivative du dt + (t) exists in X. This fact follows from the following compactness result.
Here, the partial ordering "≤" is the standard one defined by
e. x ∈ Σ, and we writeX ֒→ Y for indicating that the space X is continuously embedded into the space Y. For ω ∈ R, let {T t } t≥0 be a family of mappings T t : C → C defined on a subset C ⊆ X of ω-quasi complete contractions satisfying (2.15) and T t 0 = 0 for all t ≥ 0. Then, for every u 0 ∈ C and t > 0, the set
is σ(L 0 , L 1∩∞ )-weakly sequentially compact in L 0 (Σ, µ).
The proof of this lemma is essentially the same as in the case ω = 0 (cf., [8] ). For the convenience of the reader, we include here the proof.
Proof. Let u 0 ∈ C, t > 0, and h = 0 such that t + h > 0. Then by taking λ = 1 + h t in (2.15), one sees that
Since T t is an ω-quasi complete contraction and since T t 0 = 0, (t ≥ 0), claim (3) and (5) of Proposition 4.2 imply that (6) of Proposition 4.2), the previous inequalities imply that 
Since for every u ∈ M(Σ, µ), one always has that u + ≪ |u|, the transitivity of "≪" ((4) of Proposition 4.2) implies that for
Therefore and since |u 0 | ∈ X, (1) of Proposition 4.10 yields that the two sets
we can conclude that the claim of this lemma holds.
With these preliminaries in mind, we can now state the regularization effect of the semigroup {T t } t≥0 generated by a ω-quasi m-completely accretive operator of homogeneous order α = 1.
Theorem 4.13. Let X ⊆ L 0 (Σ, µ) be a normal Banach space satisfying (4.1), and · denote the norm on X. For ω ∈ R, let A be ω-quasi m-completely accretive in X, and {T t } t≥0 be the semigroup generated by −A on D(A) X . If A is homogeneous of order α = 1, then for every u 0 ∈ D(A) X and t > 0, dT t u 0 dt exists in X and
In particular, for every u 0 ∈ D(A) X ,
for every t > 0,
and
Proof. Let u 0 ∈ D(A) X , t > 0, and (h n ) n≥1 ⊆ R be a zero sequence such that t + h n > 0 for all n ≥ 1. Due to Lemma 3.4, we can apply Lemma 4.12. Thus, there is a z ∈ L 0 (Σ, µ) and a subsequence (h k n ) n≥1 of (h n ) n≥1 such that After possibly passing to another subsequence, the limit (4.10) also holds µ-a.e. on Σ. The argument shows that the limit (4.10) is independent of the choice of the initial zero sequence (h n ) n≥1 . Thus Since 2e −ωt |u 0 | ∈ X, by (4.5), and since (λ 
Sending h → 0 in the last inequality and applying (4.12) gives (4.6). In particular, by Corollary 2.5, one has that (4.7) holds for the norm · X on X. Moreover, (4.5) is equivalent to
for all h = 0 satisfying t + h > 0, and every j ∈ J 0 . By the lower semicontinuity of j ∈ J 0 and by the µ-a.e. limit (4.11), we have that
for µ-a.e. x ∈ Σ. Thus, taking the limit inferior as h → 0+ in (4.13) and applying Fatou's lemma yields
Since j ∈ J 0 was arbitrary and by (3) of Proposition 4.2, this shows that (4.8) holds and thereby completes the proof of this theorem.
Finally, we turn to the Cauchy problem (1.8) for the perturbed operator A + F defined on a normal Banach space X equipped with the norm · X . Theorem 4.14. Suppose X ⊆ L 0 (Σ, µ) be a normal Banach space satisfying (4.1), F : X → X be a Lipschitz continuous mapping with Lipschitz-constant ω > 0 satisfying F(0) = 0, A an m-completely accretive operator on X, and {T t } t≥0 the semigroup generated by −(A + F) on D(A) X . If A is homogeneous of order α = 1, then for every u 0 ∈ D(A) X , the mild solution u(t) = T t u 0 , (t ≥ 0) of Cauchy problem (1.8) is a strong one, and {T t u 0 } t≥0 satisfies (2.24) for a.e. t > 0.
Proof of Theorem 4.14. First, let u 0 ∈ D(A) and t > 0. Then by Proposition 3.6, the mild solution u(t) := T t u 0 , (t ≥ 0), is locally Lipschitz continuous on [0, ∞). Thus, by Lemma 4.12, u is differentiable with values in X for all t > 0, V ω (u, ·) satisfies (3.11), and V ω (u, t) belongs to L ∞ (0, T). Therefore we can apply Theorem 2.7 and obtain that {T t u 0 } t≥0 satisfies (2.24) for all t > 0. Applying (2.24), we get for every h = 0, t > 0 satisfying t + h > 0. Next, let u 0 ∈ D(A) X and t > 0. Then a standard density argument together with the strong continuity of {T t } t≥0 , yields that {T t u 0 } t≥0 satisfies (4.14). Thus, again by Lemma 4.12, the mild solution u(t) := T t u 0 , (t ≥ 0), is differentiable with values in X for all t > 0 and V ω (u, ·) satisfies (3.11). Dividing (4.14) by |h| and letting h → 0 yields that {T t u 0 } t≥0 satisfies (2.24) for all t > 0.
APPLICATION
Our aim in this section is to derive global regularity estimates of the timederivative du dt in the evolution problem (1.8) when for 1 ≤ p < ∞, p = 2, the operator A is given by the negative p-Laplace-Beltrami operator
for u ∈ W 1,p 0 (M) (respectively, u ∈ BV 0 (M) if p = 1), on a non-compact Riemannian manifold (M, g). In the Euclidean space M = R d , the total variational flow was studied in [6] and [1] . 5.1. Framework. Throughout this section, let (M, g) denote a non-compact, smooth, d-dimensional Riemannian manifold with Riemannian metric tensor g = {g(x)} x∈M , for x ∈ M, let T x be the tangent space and TM the tangent bundle of M. We write |ξ| g = ξ, ξ g(x) , (ξ ∈ T x ) to denote the induced norm of the inner product ·, · g(x) on the tangent space T x . If for given f ∈ C ∞ (M), d f is the differential at x ∈ M and g = (g ij ) d i,j=1 the matrix of the Riemannian metric g on U with inverse g −1 , then the corresponding gradient of f at x is given by ∇ f (x) = g −1 (x)d f (x), and for every C 1 -vector field X = (X 1 , . . . , X d ) on M, the divergence div (X) := 1 √ det(g)
There exists a unique measure µ such that, on any chart U, dµ = det(g) dx, where dx refers to the Lebesgue measure in U. For the measure space (M, µ), we denote by L q = L q (M, µ) (respectively, L q loc (M, µ)) the classical Lebesgue space of (locally) q-integrable functions, 1 ≤ q ≤ ∞, and we denote by · p it standard norm on (M, µ). Since a vector field v on M is measurable if every component of v is measurable on all charts U of M, one can define similarly for 1 ≤ q ≤ ∞, the space L q = L q (M, µ) (respectively, L q loc (M, µ)) of all measurable vector fields v on M such that |v| ∈ L q (M, µ) (respectively, |v| ∈ L q loc (M, µ)).
We define the space of test functions D(M) to be the set C ∞ c (M) of smooth compactly supported functions equipped with the following convergence: given a sequence (ϕ n ) n≥1 in C ∞ c (M) and ϕ ∈ C ∞ c (M), we say ϕ n → ϕ in D(M) if all supports supp(ϕ n ) are contained in the same compact subset K of M, and for every chart U, and all multi-index α, one has D α ϕ n → D α ϕ uniformly on U. effective domain D(E ) of E contains C ∞ c (M) and C ∞ c (M) is dense in L 2 (M, µ), we have that the domain D(A) is dense in L 2 (M, µ).
Next, suppose f : M × R → R is a Lipschitz-continuous Carathéodory function, that is, f satisfies the following three properties:
• f (·, u) : M → R is measurable on M for every u ∈ R, (5.2) • f (x, 0) = 0 for a.e. x ∈ M, and (5.3)
• there is a constant ω ≥ 0 such that | f (x, u) − f (x,û)| ≤ ω |u −û| for all u,û ∈ R, a.e. x ∈ M. Under these assumptions, it follows from Proposition 4.6 that the perturbed operator A + F in L 2 (M, µ) is an ω-quasi m-completely accretive operator with dense domain D(A + F) = D(A) in L 2 (M, µ) (see [13] for the details in the Euclidean case). Thus, −(A + F) generates a strongly continuous semigroup {T t } t≥0 of Lipschitz-continuous mappings T t on L 2 with Lipschitz constant e ωt . For every 1 ≤ q < ∞, each T t admits a unique Lipschitz-continuous extension t } t≥0 in L q . For simplicity, we denote the extension of T t in L q again by T t .
Global regularity estimates of du
dt . Now, fix 1 ≤ p < ν, and assume that the complete non-compact Riemannian manifold (M, g) satisfies an (L p , ν)-Sobolev inequality; that is, there is a constant C(M, p, µ) > 0 such that u pν/(ν−p) ≤ C(M, p, µ) |∇u| p for all u ∈ C ∞ c (M).
Recall, this is the case if the manifold M, for example, has non-negative Ricci curvature, or if there exists a c > 0 such that µ (B(x, 1) ) ≥ c for all x ∈ M (cf., [4] ). For more general cases, we refer to [22] .
We choose q 0 ≥ p minimal such that ( ν ν−p − 1)q 0 + p − 2 > 0. Then, it follows from [13, Theorem 1.2 (cf., Theorem 7.4)], the semigroup {T t } t≥0 generated by −(A + F) satisfies for every 1 ≤ q ≤ ν q 0 ν−p satisfying q > ν(2−p) p , the following L q -L ∞ -regularity estimate (5.5) T t u ∞ t −α q e ωβ q t u γ
